We discuss observables of an equivariant extension of the A-model in the framework of the AKSZ construction. We introduce the A-model observables, a class of observables that are homotopically equivalent to the canonical AKSZ observables but are better behaved in the gauge fixing. We discuss them for two different choices of gauge fixing: the first one is conjectured to compute the correlators of the A-model with target the Marsden-Weinstein reduced space; in the second one we recover the topological Yang-Mills action coupled with A-model so that the A-model observables are closed under supersymmetry.
Introduction
The AKSZ method [2] is a very elegant geometrical construction of solutions of the classical master equation (CME) in the Batalin-Vilkovisky (BV) formalism. It gives solutions in terms of geometrical data that are very compactly formulated in the language of graded geometry. The AKSZ space of fields is the space of maps from the source graded manifold T [1]Σ where Σ is a d-dimensional manifold to the target M, which is a degree (d − 1) graded symplectic manifold endowed with a degree one hamiltonian vector field D = {Θ, −} such that D 2 = 0. The solution of the CME, even for classical actions whose gauge invariance is very intricated, can be obtained on the spot directly from these data, without using the tools of homological perturbation theory: see for instance [9] for an introduction to the subject and the discussion of the Courant Sigma Model.
In the BV setting the simplest version of gauge fixing is realized by expressing the antifields as functions of the fields; once that the symplectic interpretation is taken into account and the space of fields is seen as an odd symplectic manifold, the gauge fixing is a choice of a lagrangian submanifold L of the BV space of fields F. Even if the BV vector field Q BV is not in general parallel to L, the gauge fixed action still has an odd symmetry obtained by projecting Q BV to L. We call this odd vector field of L the 1 Introduction residual BV symmetry. This projection is not unique and depends on an additional geometrical datum, the choice of a symplectic tubular neighborhood of L, i.e. a (local) identification of F with T * [−1]L. This choice can always be done, although in a non unique way; different choices coincide on shell, i.e. when restricted to the surface of solutions of equations of motion. In examples this odd symmetry of the gauge fixed action is an interesting object and so it is worth to take it into account in the full picture. For instance in the BV treatment of ordinary gauge theories it is the BRST differential; in the A-model it is the supersymmetry [5] .
A relevant aspect where one can appreciate the beauty of the AKSZ solution is the construction of observables. Indeed, there is a chain map from the complex of the homological vector field D of the target M to the complex of Q BV that defines the so called AKSZ observables. Unfortunately, in general we cannot expect that after gauge fixing a BV observable is closed under the residual BV symmetry and AKSZ observables are not special in this regard. So in certain cases, it can be useful to introduce an equivalent set of observables that have a better behavior for the gauge fixing.
This study began in [5] for the case of the A-model, seen as a complex gauge fixing of the Poisson Sigma Model with non degenerate target. In this case, the target graded manifold is just T [1]M with M symplectic and D the de Rham vector field of M ; AKSZ observables are then defined in terms of closed forms on M . In [5] it was shown that one can define an equivalent class of observables, which we called A-model observables, related by an explicit homotopy to the AKSZ ones, that are closed under the residual BV symmetry fixed by the complex gauge fixing. The name is due to the fact that they reproduce Witten's hierarchy of observables for the A-model in [13] .
In this paper we extend the analysis to an equivariant version of the Poisson Sigma Model. This is an AKSZ theory that was studied in [4, 11, 15] . The geometrical data of the target encode a hamiltonian G space, i.e. a symplectic manifold M with an action of a Lie group G with an equivariant momentum map µ. The target homological vector field encodes the Weil model for equivariant geometry so that the AKSZ observables are associated to equivariant cohomology. In [4] this theory was considered as a model for the PSM with target the symplectic reduction µ −1 (0)/G. We introduce the analogue of A-model observables that depend on a minimal set of fields and introduce an explicit homotopy with the AKSZ observables.
We consider two different gauge fixings which are compatible with the A-model observables. The first one is relevant when the symplectic reduction of the target space is smooth; we conjecture that the theory computes the A-model correlator of the reduced symplectic manifold in the spirit of [4] . In the second one, we recover for the Lie algebra sector the supersymmetric Yang Mills action and the residual BV symmetry is the supersymmetry generator. 
AKSZ background
In this section we review for completeness the AKSZ construction and the residual symmetry of the gauge-fixed action in BV theories. See [7, 9] for an introduction to BV in the language of graded geometry and in particular to the AKSZ construction; see [5] for more details on residual BV symmetry.
A classical BV theory consists of a (−1)-symplectic manifold (F, Ω) endowed with a cohomological hamiltonian vector field Q BV = {S BV , −} with degree 1 , where S BV is the BV action of the theory and { , } are the Poisson brackets induced by the symplectic structure Ω. Since Q 2 BV = 0 the BV-action is a solution of the classical master equation (CME)
If we introduce local Darboux coordinates {x, x + } the bracket reads
where ∂ r and ∂ l denote the right and left derivative, respectively. * The CME is expressed in these local coordinates as:
The gauge-fixing is performed by restricting the action to a Lagrangian submanifold L ⊂ F, i.e. a submanifold on which the restriction of the symplectic form vanishes and that cannot be properly enlarged to a submanifold with this property. Locally we can choose Darboux coordinates (x, x + ) in which L is determined by x + = 0. The gauge fixed action is just the restriction S L to L of S BV , i.e. in these Darboux coordinates:
The residual BV symmetry
The BV vector field Q BV is in general not parallel to the gauge fixing lagrangian L; nevertheless it can be projected to a vector field over L in such a way that the result is a symmetry of the gauge fixed action S L . This can be done by choosing a symplectic tubular neighbourhood of the Lagrangian, i.e. a local symplectomorphism F ∼ T * [−1]L restricting to the identity on L . If we denote by ι : L → F the inclusion map and with π : F → L the projection map, the residual symmetry can be then defined by: where we view vector fields as operators on functions. More concretely, we can think of this tubular neighbourhood as an atlas of canonical coordinates {x, x + } adapted to L (i.e. L = {x + = 0}) such that the transition functions between (x, x + ) and (y, y + ) are (y = y(x), y + = (∂x/∂y)x + ) so that the projection π(x, x + ) = x is well defined. For every function f on L we have:
In particular, it follows that Q π L (S L ) = 0 , because of the CME (1). The odd version of Weinstein's theorem on the existence of a local symplectomorphism between a neighbourhood of a Lagrangian submanifold and T * [−1]L was proved in [10] . It must be pointed out that such a choice is non canonical and non unique: each symplectomorphism of F into itself which keeps L fixed defines a new symplectic tubular neighbourhood. Nevertheless, two such vector fields coincide when restricted to the space of solutions of the equations of motion of S L .
The residual symmetry squares to zero only on-shell, i.e.
where σ ab is the quadratic term in the antifield expansion of the action:
A BV observable by definition is a function f on F that is closed under Q BV ; it is clear that the restriction of f to a Lagrangian submanifold L is not closed with respect to Q L ; indeed we see that
where
AKSZ construction
The AKSZ solution of the CME (1) 
The evaluation map Ev :
3 A-model and PSM correspondence reconsidered
The BV vector field is
where D and d Σ are the vector fields of F Σ obtained by composing the maps of F Σ with the target and source infinitesimal diffeomorphisms defined respectively by D and d Σ . It is a hamiltonian vector field with hamiltonian given by
By construction S BV solves the CME (1). Let ω ∈ C(M) then we see that
say that O ω = Ev * ω is the AKSZ observable associated to ω.
A-model and PSM correspondence reconsidered
The correspondence between the AKSZ observables of the PSM and the observables of the A-model established in [5] can be better understood starting from an homotopy between maps of superspaces. Let M be a symplectic manifold and let us denote with α = α µν dx µ dx ν the symplectic form. 
It can also be interpreted as the (infinitesimal) diffeomorphism obtained by composing the superfields with the (infinitesimal) diffeomorphism of the target T [1]M defined by the de Rham differential. The BV differential is then defined as
where d Σ is the vector field of F Σ obtained by the action of the de Rham differential of Σ on the superfields. More geometrically, d Σ ∈ Vect(F Σ ) is the (infinitesimal) diffeomorphism of F Σ obtained by composing maps with the (infinitesimal) diffeomorphism of the source defined by the de Rham differential. Although d Σ must not be confused with d Σ acting on Σ, they coincide on functions of the (evaluated) superfields, i.e.
It is explicitly given by the following formulas:
We are going to define the A-model hierarchy of observables. Let us consider the degree 0 evaluation map ev :
Since F Σ is a vector bundle over M Σ we can extend ev to a vector bundle morphism ev :
We then compute ev
For every ω ∈ Ω • M we can associate a functional A ω
satisfying by construction (Q BV +d Σ )A ω = A dω . If then dω = 0 we say that A ω is the A-model hierarchy of observables of the PSM associated to ω. The AKSZ hierarchy described in the previous section, after the identification given between T [1]M and T * [1]M given by α, is defined for each ω ∈ ΩM as
where the evaluation map Ev : (8) and given by
is a vector bundle morphism over Ev :
The two morphisms ev and Ev are homotopic with homotopy k :
We extend it to the vector bundle morphism k :
where d I is the de Rham differential of I = [0, 1]. We compute
We then define K(ω) = [0,1] k * (ω) for each ω ∈ ΩM . By construction we have that
It is now a direct computation to check that the homotopy K coincides with the one defined in [5] .
Let us finally discuss the gauge fixing. Let us introduce the complex structures on Σ and J, compatible with α, on M . We denote the holomorphic coordinates as z and x i on Σ and M . Let us choose the complex gauge fixing for the superfields x and b introduced in [6] and discussed in [5] so that we recover the A-model action for that sector. The gauge fixing lagrangian L on the A-model sector is defined by
The gauge fixed action reads
Variables appearing in (20) are the momenta of a symplectic tubular neighborhood that determines the BV residual symmetry, as explained in the previous section. Contrary to AKSZ observables, the A-model observables do not depend on the momenta so that their restriction to L J is closed under the BV residual symmetry.
Equivariant A-model from AKSZ
We discuss in this section a BV approach to the equivariant version of the A-model. The geometrical setting consists of a Poisson manifold (M, α) with an action of a Lie group G by Poisson diffeomorphisms. We require the existence of an equivariant momentum map µ : M → g * , where g = Lie G. By momentum map we mean that the fundamental vector fields of the G action are hamiltonian vector field. We will be mainly interested in the non degenerate case where this is the usual notion of hamiltonian G-action.
Definition of the model
The model that we are going to discuss was considered in [15, 4, 11] . The graded geometric formulation of the equivariant formulation and its AKSZ theory that we are going to use was discussed in [4] . We briefly recall it.
The equivariant differential can be described by a hamiltonian vector field D on the symplectic graded manifold
. If we take coordinates (x µ , b µ ) on T * [1]M and (c a , φ a ) of degree (1, 2) with momenta (ξ a , ξ a ) of degree (0, −1) on
, we can define the degree 2 hamiltonian
so that D(·) = {Θ, ·} reads:
We recover the Kalkman model for Poisson equivariant cohomology as the differential graded subalgebra W (M, π, g) generated by {x, b, c, φ}. We consider here the case where α is non degenerate and let b µ = α µν b ν . We then compute
so that (W (M, π, g), D) coincides with the Kalkman model for equivariant cohomology (see [8] ).
If we look at the target manifold We recall that the BFV (Batalin-Fradkin-Vilkovisky) manifolds in general give an homological resolution of constrained system and can be seen as a mathematical formulation of BRST in the hamiltonian setting (see [3, 12] ). 
intertwines D| W and the de Rham differential d. Since the Lie algebra part is acyclic, the cohomology of (W, D) then coincides with H dR (M ). Let us introduce the contraction operator ι a = ∂ ∂c a and Lie derivative L a on the Lie algebra variables; then we can write the Kalkman differential as
where d M denotes the de Rham differential on M , L va and ι va are the usual Lie derivative and contraction operators on forms, respectively. We then see that the subcomplex W = a (ker ι a ∩ ker(L a + L va )) ⊂ W of elements that are independent on c and g-invariant coincides with the Cartan model for equivariant cohomology. 
with differential D. We can introduce the superfields:
The cohomological BV vector field is 
We finally write the AKSZ action as
Equivariant A-model and AKSZ observables
We want to define here the analogue of A-model observables for the equivariant model. Let us look for a map analogue to the partial evaluation map defined in (12) . Since the target space is the shifted tangent bundle
we then start with a map
Since the target space differential (25) is not simply the de Rham differential, on forms we do not take the pull-back of ev 0 , as in the previous section, but we look for a vector bundle morphism ev 0 :
From the discussion in Remark 4.1, we can conclude that ev 0 is completely fixed by ev 0 : indeed the equivariant differential decomposes as D = d + s with deg s = 0 so that for each f ∈ C(M) we have
We then compute
We then finally define for each ω(x, c, ξ
If Dω = 0 then by construction (Q BV + d Σ )A ω = 0 and we say that A ω is the A-model observable associated to ω. In particular we will associate to every equivariantly closed form an observable.
Recall that the AKSZ observable associated to ω is O ω = Ev * (ω), the pullback of ω along the evaluation map Ev :
The map Ev is a bundle map over Ev 0 :
We discuss now a homotopy between the A-model and AKSZ observables generalizing the discussion that we had in the previous section. We start with the following homotopy between ev 0 and (the restriction of) Ev
We then look for
where d I is the de Rham differential of I = [0, 1]. Again κ is completely determined by κ and moreover by construction
4 Equivariant A-model from AKSZ
If we define K(·) = I κ * (·) , we get
Of course, if we set to zero all the variables associated to the Lie algebra g , we recover the homotopy between the AKSZ observables of the PSM and the A-model observables described in (18).
Cohomology of D
An interesting consequence of (36) is the following characterization of the cohomology of the target differential D defined in (23). Indeed, after the restriction to zero form observables, d Σ does not appear in (36) and Q BV acts as D , the vector field obtained composing the maps of F Σ with the infinitesimal diffeomorphism of the target defined by D. In other terms it does not involve derivatives with respect to the source coordinates, so that it is a pointwise relation that can be read as a relation defined on the target as follows.
Let
)), D) be the injection of the Kalkman model described in Subsection 4.1 and let p : A → W (M, π, g) be the quotient map with kernel generated by ξ + µ and ξ. It is a direct check to verify that p is a chain map. Clearly we have that p • i = id W . Now it is clear that (36) for forms of degree 0 translates into
for each ω ∈ A. We can then conclude that i and p are inverse up to homotopy so that the cohomology of D is isomorphic to the cohomology of the Kalkman complex (or equivalently of the Weil complex, see [8] ) that is de Rham cohomology H dR (M ) (see Remark 4.2). It is maybe useful to stress that we are not restricting it to the subcomplex W giving equivariant cohomology. Finally, if ϕ : W → W is the isomorphism defined in (26) and Θ is the degree 2 hamiltonian in (22), then ϕ(p(Θ)) = −α, so that we can say that −Θ represents in A the class of the symplectic form in the de Rham cohomology of M .
Gauge fixing

We discuss here two different gauge fixings of the AKSZ theory discussed in the previous section. The A-model sector is always gauge fixed with the complex gauge fixing defined in (20). In both cases the Lagrangian gauge fixing L is given together with an adapted symplectic tubular neighborhood, i.e. a symplectomorphism between the BV space of fields F Σ and T * [−1]L that fixes also a residual BV symmetry as explained in Section 2. The A-model observables do not depend on the momenta so that after the restriction they are invariant under the residual BV symmetry.
Gauge fixing for the symplectic reduction
We assume that ∂ k vī a = 0, i.e. the real G action on M gives rise to an holomorphic action of G C . It can be checked that, once we assume the complex gauge fixing (20), the ghost c disappears from the action.
According to the discussion in Remark 4.1, the target manifold of the AKSZ construction is a BFV space, i.e. a model for the symplectic reduction of T * [1] M with respect to the graded constraints µ = 0 and v ν b ν = 0. If the G action is free on µ = 0 then µ −1 (0)/G is smooth and the reduced space is
In this case the BV theory should be regarded as equivalent to the Poisson Sigma Model with the reduced target. According to the discussion in [4] , the natural gauge fixing of the Lie algebra sector is defined by putting the antighosts variables to zero; this means:
The residual gauge symmetry Q L given by this symplectic tubular neighbourhood is directly read from (28) together with
Since the A-model observables defined in (32) are independent on the coordinates (20) and (38), they are also invariant when restricted to the gauge fixing lagrangian under Q L . This is not true for the AKSZ observables.
After the introduction of an arbitrary affine connection Γ and the definition of pz j = ηz j + Γ 
The fields η and λ do not appear in the PSM but can be introduced as a trivial pair. Let us define the trivial pair λ, ρ ∈ Ω 0 (Σ; g) of ghost number −2 and −1 respectively and with momenta λ + , ρ + ∈ Ω 2 (Σ; g * ) of ghost degree 1 and 0 . The BV action will be shifted to
and correspondingly we have the following action of the BV symmetry for λ and ρ :
If we define ζ := ρ + [c, λ] we get the transformations:
The gauge multiplet is reconstructed with ζ ∼ η.
We can now collect the action of Q BV on these fields 
We then see that
i.e. it encodes the superymmetry and the BRST transformation of the gauge multiplet.
The action of topological Yang-Mills is recovered by defining the Lagrangian L f with the gauge-fixing fermion f defined as
where is the Hodge star for a metric on Σ and , is a non degenerate invariant bilinear form on g. 
The residual BV symmetry is then given by the same formulas as in (48). In particular, the A-model observables are just functions of (c, φ, A, ψ) and so are invariant.
